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Abstract 

The geometric non-linear Schrodinger equation (GNLS) on the complex Grassmannian manifold M 
is the evolution equation on the space C(R, M) of paths on M: 

where V is the Levi-Civita connection of the Kahler metric and J is the complex structure. GNLS 
is the Hamiltonian equation for the energy functional on C(R,M) with respect to the symplectic 
form induced from the Kahler form on M. It has a Lax pair that is gauge equivalent to the Lax 
pair of the matrix non- linear Schrodinger equation (MNLS). We construct via gauge transformations 
an isomorphism from C(R,M) to the phase space of the MNLS equation so that the GNLS flow 
corresponds to the MNLS flow. The existence of global solutions to the Cauchy problem for GNLS 
and the hierarchy of commuting flows follows from the correspondence. Direct geometric constructions 
show the flows are given by geometric partial differential equations, and the space of conservation 
laws has a structure of a non-abelian Poisson group. We also construct a hierarchy of symplectic 
structures for GNLS. Under pullback, the known order k symplectic structures correspond to the 
order k — 2 symplectic structures that we find. The shift by two is a surprise, and is due to the fact 
that the group structures depend on gauge choice. 
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1. Introduction 



Harmonic maps from one Riemannian manifold N to another M are critical 
points for the energy 

E {l) = o / \dj\ 2 dfi N . 

z J N 

The Euler-Lagrange equation is 

A 7 7 = tr(V(d7)) = 0. 

When N is S* 2 or a 2-dimensional torus and M is a symmetric space, the moduli 
space of harmonic maps has been successfully studied by many authors using 
techniques from integrable systems ([U], [BFPP], [BG]). 

The heat flow for harmonic maps from N to M is the gradient flow for the 
energy and has the form 

7t = A 7 7. 

If M is a Kahler manifold, we have a complex structure J : TM — > TM, J 2 = 
—id, and the equation 

Jjlt = V 7 7 

has the type of a non-linear Schrodinger equation. Very little is known about 
this equation except when dim(iV) = 1. See recent work by Chang, Shatah and 
Uhlenbeck for a discussion of the radially symmetric case in dimension 2 ([CSU]). 
For N = R n , n = 1, 2, 3 and M = S 2 , this equation is a simplification of the 
Landau-Lifshitz equation for a continuous anisotropic magnet. For N = R 1 and 
M = S 2 , the GNLS is often referred to as the continuous isotropic Heisenberg 
ferromagnetic model ([FT]). 

Let (M, g, J) be a Kahler manifold with metric g and complex structure J. 
The one-dimensional geometric non-linear Schrodinger equation (GNLS) with 
target M is the evolution equation on the space C(R : M) of smooth paths from 
R to M: 

J-,lt = (1.1) 
where V is the Levi-Civita connection of g. The symplectic form 

T J (v l ,v 2 ) = g(J 1 (v 1 ),v 2 ) 

on M induces a natural symplectic structure f on C (R, M) 

/oo 
9(Jy(x)(€(z)),v(z))dx. (1.2) 
-oo 

Equation (1.1) is the Hamiltonian equation of the energy functional with respect 
to r. The main goal of this paper is to study the Hamiltonian theory of the 
geometric non-linear Schrodinger equation with target the Grassmannians. The 
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theory can be extended to the more general case of compact Hermitian symmetric 
spaces. 

The matrix non-linear Schrodinger equation (MNLS) is 

Qt = i(Qxx + 2qq*q), (1.3) 

where q is a map from R 2 to the space Aikx(n-k) of kx(n — k) complex matrices. 
This equation was first studied by Fordy and Kulish in [FK] as a generalization 
of the NLS equation. Note that if q is a 1 x 1 matrix, this is the NLS equation. 
When k = 1, q is a vector and this is known as the vector non-linear Schrodinger 
equation. 

The GNLS with target a Grassmanian is known to be gauge equivalent to 
the matrix non-linear Schrodinger equation. This correspondence for S 2 = CP 1 
is contained in the classical Hasimoto transform and is described in detail by 
Faddeev-Takhtajen ([FT]). We describe this gauge equivalence in general, and 
examine the behavior of the hierarchies of symplectic structures under the gauge 
equivalence. We say that a symplectic structure is of order k if the corresponding 
Poisson structure is given by an order k integro-differential operator. Each equa- 
tion has a natural order zero symplectic structure that arises from a coadjoint 
orbit. Under the equivalence, the two order zero symplectic structures do not 
correspond to each other. In fact, we may regard the gauge change as naturally 
generating a hierarchy of symplectic structures, although we would only generate 
the even order structures in this fashion. 

Hasimoto ([H]) showed that NLS is equivalent to the equation of da Rios 
QdR]): 

&t = a x x a xxi 

which models the movement of a thin vortex filament in a viscous liquid. This 
equation preserves arc length and 7 = a x satisfies the GNLS with target S 2 . 
Langer and Perline ([LP]) generalize this to MNLS. They give a geometric real- 
ization of the MNLS as an arc length preserving curve evolution in _R fc ("-- fc ). 

The MNLS is a second flow of the u(n)-hierarchy, and the Hamiltonian 
theory has been described by many authors. Let a denote the diagonal matrix 
with eigenvalues i/2 and — i/2 and multiplicities k and (n — k) respectively: 

0=1 '-" •'/' 1 
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Let u(n) a denote the centralizer of a, and u(n)^ the orthogonal complement of 
u(n) a in u{n). We find 

r / A n \ i 

A 1 e u(k),A 2 G u(n - k) \ , 




u(n) a = {y e u{n) I [y, a] = 0} = 
u ( n )a = {y e u{n) I < y,z >= for all z G u(n) a } 

= {(_^* Q^j \Q ^ Mkx(n-k)^ — Mkx(n-k)- 
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Let S(R, u{n)a) denote the space of smooth maps from R to u(n)^ that are in 
the Schwartz class. Since ad(a) is a skew-adjoint, linear isomorphism on u(n)^, 
the 2-form defined by 

/oo 
< — ad(a)~ 1 (vi),V2 > dx (1.4) 
-oo 

is symplectic on S(R, u{n)^ ). The second flow in the AKNS u(n)-hierarchy is 

u t = (Q 2 )x + [u,Q 2 ], (1.5) 

where 

-(4. s). *-(ir a)- m 



The second flow (1.5) has a Lax pair 



7^ + aX + u, 7^ + aX 2 + uX + Q s 



0, (1.7) 



i.e., u is a solution of (1.5) if and only if u satisfies (1.7) for all A. This is the 
Hamiltonian equation of the functional 

/•OO -1 -1 

F 2 (u) = J ^--tr(ul) + -(tr (u 2 )fdx (1.8) 

on S(R, u{n)a) with respect to w. When written in terms of q, equation (1.5) is 
the MNLS (1.3), 

/°° 1 1 
~2 Nx|| 2 + 7; U\\ 4 dx, 
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-00 

/oo 
< -%,<?2 > ^ 



-00 



So we shall also refer equation (1.5) as the MNLS. 

We list some of the known properties of the MNLS equation (1.5): 

(1) Beals and Coifman construct the inverse scattering theory for the first order 
system d x + a\ + u to solve the Cauchy problem globally with Schwartz class 
initial data ([BC]). 

(2) We constructed in [TU2] an action of the rational loop group on the space 
of solutions of the MNLS equation such that the action of a linear fractional 
transformations gives a Backlund or Darboux transformation. Moreover, the 
orbit of the rational loop group at the vacuum can be computed by explicit 
formulas. 
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(3) Fordy and Kulish showed in 1983 ([FK]) that the MNLS equation has a 
sequence of commuting Hamiltonians {Fj} with respect to w such that the 
Hamiltonian equation for Fi is the MNLS equation. 

(4) There is a sequence of symplectic structures {w k } on 

S(R, Mkx(n-k))'- 

/oo 
tr((W k )^ 1 (v 1 )v 2 )dx, 
-oo 

where Wq = — ad(a) and (Wk) u is an integro-differential operator of order 
k (cf. [Te]). Moreover, there is a Lenard-Magri relation: 

u t = [VFj, a] = WoiVFj) = W 1 (WF j _ 1 ) = ■■■ = {W k ) u {V F 3 _ k ). 

Or equivalently, the Hamiltonian equation for Fj with respect to Wq = w is 
the Hamiltonian equation for Fj_ k with respect to w k - 

(5) Let -H+ denote the group generated by holomorphic maps ebj(X) = e bXJ 
with b G u(n) a and j a positive integer. We proved in [TU1] that there is 
an action of H + on (S(R : u(n)^),w) such that: 

(i) the i? + -action is Poisson. 

(ii) Let £bj denote the vector field generated by the action of the one- 
parameter subgroup 6bt,j of H + . Then the flow generated by £ aj 2 is 
the MNLS flow, and [ft^, £& 2 ,h\ = £[&i,& 2 ] j'i+jV In particular, £ bJ 
commutes with £ a> 2- 

(iii) The flows generated by the one parameter subgroups e a t,j are the com- 
muting Hamiltonian flows found by Fordy and Kulish. 

The sequence of symplectic structures Wk on S(R, u(n)^) can be constructed 
using coadjoint orbits of certain loop algebra of an affine algebra. We will 
use a similar method to construct a sequence of symplectic structures Tk on 
C(R,Gr(k,n)) such that tq = f (defined by (1.2)), Tk is of order k and the 
GNLS is Hamiltonian with respect to r k for all k. Here Gr(k, n) is isometrically 
embedded as the Adjoint orbit in u(n) at a. 

The gauge equivalence of Lax pairs of GNLS and MNLS equation gives rise to 
an isomorphism $ from C(R, Gr(k, n)) to S(R, u(n)^) such that the GNLS flow 
corresponds to the MNLS flow. If the isomorphism $ were a symplectic morphism 
from (C(R,Gr(k,n)),f) to (S(R, M.kx{n-k))i w )-> then we could translate the 
known Hamiltonian theory for MNLS to GNLS. But $ is not symplectic. How- 
ever, we show that <£*(«;) is an order —2 symplectic form on C(R,Gr(k,n)). 
In general the pull back of the order k symplectic form w k is the order k — 2 
symplectic form r k -2 under Therefore the above properties (l)-(5) hold for 
the GNLS with some minor changes. 

Every compact Hermitian symmetric space G/K has a standard isometric 
embedding as an adjoint orbit in Q. So the above results should hold for any com- 
pact Hermitian symmetric space. The non-compact examples may give different 
interesting phenomena. 
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This paper is organized as follows. In section 2, we use a standard embedding 
of Gr(k,n) in u(n) to write down the GNLS and its Lax pair, and show that 
its Lax pair is gauge equivalent to that of the MNLS equation. In section 3, we 
construct the isomorphism $ from the phase space of the GNLS to the phase 
space of MNLS and compute the differential of In section 4, we show that the 
commuting flows of the MNLS equation give rise to a sequence of commuting, 
geometric, Hamiltonian flows on the path space of Gr(k, n) with respect to f . In 
section 5, we use the loop algebra of certain affine algebra to construct a sequence 
of symplectic structures Tfc (of order k) on the phase space of the GNLS and show 
that they are the pull back of the known order k + 2 symplectic form on the phase 
space of the MNLS equation under We also give a Lenard-Magri relation for 
the GNLS. We use the same method to construct the two standard symplectic 
forms for the KdV equation in section 6. 

Some parts of the research in this paper were carried out while the first 
author was a member of IAS in 1997-98, and while the second author was the 
Distinguished Visiting Professor of IAS in 1997-98. We would like to thank IAS 
for its generous support. 



2. Schrodinger flow on Gr(k,n) 

We use a standard embedding of Gr(k, n) to write down the geometric non- 
linear Schrodinger equation (GNLS) and its Lax pair. We show that the Lax 
pairs of GNLS and MNLS are gauge equivalent. 

2.1 Proposition. Let < x, y >= —tv(xy) denote the invariant inner product 

( —I \ 

on u(n), and M the Adjoint U{n)-orbit at a = I 2 i J in u(n). 



Then M equipped with the induced metric is the Hermitian symmetric space 
Gr(k,C n ), and the GNLS with target Gr{k,n) is 



PROOF. Since the centralizer U(n) a = U(k) x U(n—k), M is difleomorphic 
to U{n)/{U{k) x U(n-k)) ~ Gr(k, C n ). Note that both the induced metric and 
the standard Kahler metric on M are invariant under U(n). A direct computation 
shows that they agree at a. Hence M is the Hermitian symmetric space Gr(k, n). 
The complex structure of M at y is given by ad(y). Hence the symplectic form 
t on C(R,M) is 




it = h,ixx], 



7(M) e M. 



(2.1) 
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The gradient of the energy functional E is — V 7a .7 x , where V is the covariant 
derivative. So the Hamiltonian equation for E (the GNLS on Gr(k, n)) is 

It = [-V 7x 7*,7] = [l^i.lx]- 

Let TM and v{M) denote the tangent and normal bundles of M in u(n), and vt^, 
Ti n the orthogonal projection onto TM and v(M) respectively. Since the metric 
on M is the induced metric, 

^Ixlx = T^tilxx) = T xx - 7T n (j xx ). 

But if 7 = gag -1 , then v(M) 1 = gu(n) a g _1 . So [7, v] = for all v G v{M) 1 . 
This implies that [y^nilxx)] = 0. Hence the GNLS is equation (2.1). ■ 

Next, we give a Lax pair for equation (2.1). 

2.2 Proposition. Let M be the adjoint orbit at a as in Proposition 2.1. Then 
7 satisfies equation (2.1) if and only if 



I+JX, I + 7A 2 + [7.7JA 



for all A G C. 



(2.2) 



PROOF. Equation (2.2) is equivalent to 

( 7 A) t - (7 A 2 + [7, 7x]A) x = [7A, 7A 2 + [7, 7.] A] • (2.3) 

Compare coefficient of A J in equation (2.3) to give 

It ~ [l,lx]x = 0, 
7 x + ad(7) 2 ( 7:c ) = 0. 

The first equation gives (2.1). The second equation is always true because 
ad(7) 2 = - id on TM 7 for 7 G M. ■ 



The MNLS (1.5) has a Lax pair 



d_ 

dx 



+ a\ + u, 



d_ 
di 



+ a\ 2 + uX + Q 2 



0, 



(2.4) 



where u, Q2 are given by (1.6). 

2.3 Proposition. The Lax pairs (2.2) and (2.4) are gauge equivalent. In par- 
ticular, if u is a solution of the MNLS (1.5) then 7 = EaE~ x is a solution of the 
GNLS, where E is a solution of 

[E~ X E X = u, 
[E- 1 E t = Q 2 . 
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PROOF. Let u be a solution of the MNLS equation. Substitute A = in 
the corresponding Lax pair (2.4) to get [ J| + u, + Q2] = 0. So there exists 
E satisfies 

E~ 1 E X = u, E~ 1 E t = Q 2 , E(0, 0) = /. 
Set 7 = EaE~ x . Apply gauge transformation of E to the Lax pair (2.4) to get 

— +a\ + u)E- 1 = — + j\ + EuE' 1 - E X E~ X = — + 7 A, 
Ox J Ox Ox 

e(J^+ a\ 2 +uX + Q^j E~ 1 = ^_ + 7A 2 + EuE^X + EQ 2 E~ X - E t E~\ 
d 

= — + 7X 2 + EuE^X. 
ot 

Since 7^ = E[u, a]E~ x , [7,7^] = E[a, [u, a]]E" _1 . But ad(a) 2 is —id on u(n)^. 
Hence [7,7^ = EuE -1 . This proves that the gauge transformation of the Lax 
pair (2.4) by E is the Lax pair (2.2). ■ 



3. Development map of an Adjoint orbit 

Let a G u(n) be a fixed diagonal matrix, and M the adjoint [/(n)-orbit at 
a in u(n). So M is a flag manifold if a has distinct eigenvalues, and is a partial 
flag manifold if a has multiple roots. Let C a (R,M) denote the space of smooth 
paths 7 : R — > M such that 7 (— 00) = \im x ^_ 00 ^{x) = a and 7^ : R — > u(n) 
is in the Schwartz class. We are motivated by the gauge equivalence given in 
Proposition 2.3 to construct an isomorphism $ from C a (R,M) onto the linear 
space S(R, u(n)^). We show that the GNLS and MNLS flows correspond under 
<J>. We also will use this isomorphism to study the relation between the hierarchies 
of symplectic structures for the GNLS and MNLS flows in section 5. 

3.1 Theorem. Let M be the Adjoint orbit at a G u(n), and 

^:S(R,u(n)^)^C a (R,M) 

the map defined by ^>{u) = gag -1 , where g is the solution of g~ 1 g x = u such 
that g(—oo) = I. Then \1/ is an isomorphism. 

PROOF. First we prove that ^ is one to one. Assume ^f(f) = ^(g)- Then 
we have 

faf' 1 = gag' 1 , f~ x f x G u(n)^, g~ x g x G u(n)f 
f(-oo) = g(-oo) = I. 

Set h = f~ x g. Since hah -1 = a, h(x) G U{n) a for all x. Note 

<rV = (fh)-\fh) x = h^r'hh + h- x h x . 
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But /i _1, u(n)^" h C u{n)a and g~ 1 g x £ u ( n )a imply that h~ 1 h x lies in u(n)„. 
But h~ 1 h x also lies in u(n) a . So h~ 1 h x = 0, which implies that /i is constant. 
But h(—oo) = I. So h = I and f = g. This proves ^ is one to one. 

To prove \1/ is onto, given 7 G C a (R : M), choose a smooth map f : R —> U(n) 
such that 7 = /a/ -1 and /(— 00) = /. Set i> = j~ x j x . Let Wo and i>i denote 
the projections of i> onto u{n) a and respectively. Then 

7, = /LT 1 /*, a]/" 1 = /[«, a]/" 1 = f[v u a]/" 1 . 

Since 7^ is in the Schwartz class and the image of / lies in the compact set U(n), 
V\ is in the Schwartz class. Now solve h : R — > U(n) a such that 

^ x = —vqJi, h{—oo) = I. 

Set = //i. Then 7 = /a/" 1 = /hah' 1 /' 1 = gag' 1 . But 

S 1 " 1 ^ = h~ 1 f~ 1 f x h + h~ x h x = hT x vh + h~ 1 h x 
= h~ x vh — h~ 1 voh = h~ x {v — vo)h 
= h~ 1 v\h G /i _1 u(n)^/i = u(n)^. 

So ^(g) =7 and ^ is onto. 

It is not difficult to see that in the appropriate topologies, the map \1/ is 
smooth. We explicitly compute the differential in Proposition 3.7. ■ 

3.2 Definition. The development map $ on the Adjoint orbit M of u(n) at 
a is defined to be the inverse of i.e., $ = : C a (R, M) -> <S(-R, u(n)„ ). 

As a consequence of the proof of Theorem 3.1, we have a description of $: 

3.3 Corollary. If 7 G C a (R, M), then there is a unique g : i? — > £/(n) such 
that 7 = #a#-\ p(-oo) = J, and s- -1 ^ G u(n)£. Moreover, $(7) = s- -1 ^. 

We need the following Poisson operator defined in [Te] to write down the 
differential of A Poisson operator is a map on the tangent bundle of a manifold, 
which can be used to define a Poisson or symplectic structure. 

3.4 Definition. Given u G S(R, u(n)^), we introduce the integro-differential 
operator P u : S(R, u(n)£) -> C°°(R, u{n)^) defined by 

Pu(v) = v x + yrf ([«, u]) - [«, T u (v)], 

where T u (v)(x) = 7r a ([u(y), v(y)])dy and ir a , tt^ are the orthogonal projec- 
tions of u(n) onto u(n) a and u(n)^- respectively. 

Note that 

P u (v) = (v- T u (v)) x + [u,v- T u (v)] 
and P u (v) lies in u(n)^. So we get a characterization of P u : 
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3.5 Proposition ([Te]). Let u, v G S(R, u{n)^). Then there exists a unique 
v : R — > u(n) satisfies the following conditions: 

(i) T^aiv) = v, where ir^ is the projection onto u(n)^, 

(ii) (v) x + [u,v] G u{n)l, 
(in) v(—oo) = 0. 
Moreover, P u {v) = [d x + u,v]. 

3.6 Corollary ([Te]). The operator P u is injective. 

PROOF. Suppose P u (v) = 0. Let v = v — T u (v), where T u is the operator 
given in Definition 3.4. So P u (v) = [d x + u,v] = 0, which implies that v(x) 
is conjugate to v(0) for all x G R. Since the conjugate class of v(0) in u(n) is 
compact and v(— oo) = 0, v = 0. ■ 

Recall that ad(a) is a linear isomorphism on u(n)^. 

3.7 Proposition. Let 7 G C a (R, M), and g : R — > £/(n) such that 7 = gag~ x , 
g~ 1 g x = ^(7) = w and g(—oo) = I. IfvE <S(R, u(n)^), then 

d^^gvg' 1 ) = -P u aA{a)- 1 {v). 



PROOF. Take variations of 7 = gag 1 and g 1 g x = u to get 
#7 = #[# _1 <S#,a]#~\ <5u = [d x + u,g~ 1 Sg]. 
Set i> = [<? _1 <5g,a]. It follows from Proposition 3.5 and the formula for 8u that 
d$ 7 (5 7 ) = Su = -P u (ad(a)-\v)). ■ 

The following operators are needed later for the constructions of the sym- 
plectic structures on C a (R,M). 

3.8 Definition. Given 7 G C a (R, M), let L 7 : TC a (i?, M) 7 -> TC a (i?, M) 7 
denote the operator defined as follows: Write 7 = gag -1 such that g~ 1 g x = 
$(7) = it and g(—oo) = I. Then 

L^igvg' 1 ) = gP u (v)g~ 1 . 

We give a geometric description of this operator: 

3.9 Proposition. Let M be the Adjoint orbit at a in u(n), and t] a unique 
vector field along 7 G C a {R,M) that is tangent to M. Then there exists a 
unique vector field ( along 7 normal to M such that (rj + () x is tangent to M 
and ((— 00) = 0. Moreover, Lj(r)) = (rj + () x . 
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3.10 Theorem. Let a = | ( 5* ) , and M tie adjoint orbit at a. Then 

the GNLS How on C a (R,M) corresponds to the MNLS how on S(R,u(n)^) 
under the development map 

PROOF. Suppose j(x,t) is a solution of the GNLS. Write 7 = gag -1 
such that g~ x g x G u ( n )a an d lim x ^_oo g(x, t) = I for all t. Set u(x,t) = 
g(x,t)ag(x,t)- 1 , i.e., 

«(-,t) = $( 7 (-,t)). 

Then 

u t = d$ 7 ( 7 i). (3.1) 

A direct computation gives 

lx = g[g~ x gx, = g[u, a]# _1 , 
Ixx = g([u x , a] + [u, [u, a]])# -1 . 

Recall that 

K = u(n) a = {y G u(n) \ [y, a] = 0} 



Ai 
A 2 



Ai G u(k),A 2 G u(n -k)j 
V = u{n)a ={?/£ u(n) \ <y,z >= for all z G u{n) a } 



g 
-g* 



q G .Mfcx(n-fc) j 



It follows from a simple computation that 

[)C,V] cP, [K,K] C/C, [7>,7>]c/C. 

(This is true for a Cartan decomposition of any symmetric space). Since [a, K] = 
and [u, [u : a]] G [P, [V, K]] C /C, we have 

[7, 7xx] = g[a, [u x , a] + [u, [u, a]]]# _1 = g[a, [u x , c% _1 . 

But ad(a) 2 = — id on V. So we get [7,7x2:] = gu x g~ x . Substitute this into (3.1) 
to get 

u t = (i$ 7 ( 7 t) = d$ 7 ([7,7 x:E ]) = d^igiixg- 1 ). 
By Proposition 3.7, we conclude 

u t = -P u ad(a)~ 1 (u x ). 

A direct computation shows that the right hand side is equal to {Q2) x + [ u , Q2], 
i.e., u is a solution of the MNLS (1.5). ■ 
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4. Commuting Hamiltonians for GNLS 



We recall the definition of the orbit symplectic structure on an adjoint orbit 
of a compact Lie algebra U, which is identified with U* via the Killing form 
(trace). Given x G U, let x, denote the infinitesimal vector field generated by x 
under the coadjoint action. Then the Kostant-Kirillov orbit symplectic form r 
on a coadjoint orbit O of U* is given by 

Identify x G U with £ x G U* defined by £ x (y) = tr(xy). Then adjoint orbits are 
identified as coadjoint orbits. Let a G u(n) be a diagonal matrix, and M a the 
adjoint orbit at a. Then the orbit symplectic form on M a is 

Tx(vi,v 2 ) =< -&d(x)~ 1 (vi),v 2 > ■ 
It induces a symplectic form f on the space C a (R, M a ) of maps to M a : 

/oo 
< -&&{'y)~ 1 {v 1 ) : V2 > dx. 
-oo 

Recall that $ is the development map defined in section 3 and w is the 
symplectic form on S(R : u(n)^) defined by 

/oo 
< - &d(a)~ 1 (vi) : V2 > dx. (4.1) 
-oo 

Then a direct computation we do later shows that <&*(«;) is not equal to r. We 
now have two symplectic structures on C a (R, M a ). The flows on C a (R,M a ) 
pulled back from flows in the u(n)-hierarchy are of course Hamiltonian with 
respect to <E>*(u>). But we will show that these flows are also Hamiltonian with 
respect to f. 

Next we recall the construction of the hierarchy for the MNLS. Let Qj(u) 
be the sequence of operators in u : R — > u(n)^ determined by the following 
recursive formula 

(Qj(u)) x +[u,Qj(u)] = [Q J+1 (u),a], ^ 
Qo(u) = a, Qj(u)(-oo) = 0. 

Sattinger proved in [Sa] (cf. also [TU1]) that Qj(u) is an order j — 1 polynomial 
differential operator in u. The j-th flow in the u(n)-hierarchy on S(R, u{n)^ ) is 

ut = {Qj{u)) x + [% Qj(u)] = [Q j+ i(u), a], (4.3) 
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which is the Hamiltonian flow for 

Fj(u) = --^- [ tr (Q j+2 (u)a)dx (4.4) 

with respect to w. Or in other words, 

VF j (u)=rt(Q j+1 (u)), (4.5) 

where 7r ,7r^~ denote the orthogonal projections of u(n) onto u(n) a and u(n)^ 
respectively. It follows from Proposition 3.5 and formula (4.2) that 

Pu{«a{Q,)) = [Qj+iM- (4-6) 

Or equivalently, 

<{Qj+i) = ~ ad(a)- 1 P u (7r a ± (Q J )). (4.7) 

Set 

1 f°° 

Hj{l) = F^)) = -— / tr(Q j+2 (^))a)dx. (4.8) 

4.1 Proposition. Let 7 = gag -1 , g(—oo) = I, and g~ x g x = u = $(7). Then 

VH 3 { 1 )=g^{Q ]+2 {u))g-\ 

PROOF. Write Sj = gvg' 1 . Then 

dH^) =< VH j ( 1 ),S 1 >=< g- 1 VH j ( 1 )g,v> 

= diFjUd^iSy)) =< VFj-W,^^) >, by (4.5) 
=< ^a(Qj+i(n)),d^(5j) > . 

Proposition 3.7 implies that 

dQ^gvg- 1 ) = -P u (ad(a)- 1 (r;)). 

Continue the above calculation, we get 

< 7rj-(Q i+ i(u)),d$ 7 (<$7) >=< 7T^(Q j+1 (u)),-P u ad(a)-\v) > 

=< - ad(a)- 1 P tt ( 7 rf (Q j+1 (u))), v >, by (4.7) 

=< ^a(Qj+2(u)),v >=< gir^iQj^iu^g-^gvg- 1 > 

=<g^a(Qj+2(u))g~\^> . 

SoVH J (j)=g^(Q J+2 (u))g- 1 . . 
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4.2 Corollary. The Hamiltonian equation of Hj = Fj o$ (j > 0) with respect 
to the symplectic structure f on C a (R : M) is 

7t = g[Q j +2(u),a]g- 1 , (4.9) 

where u = $(7) and g satisfies g~ x g x = u and g(—oo) = I. 
PROOF. A direct computation gives 

7t = [Vflj(7),7] 

= [gKa(Qj+2(u))g~ 1 ,gag- 1 ] 
= g~ 1 [Qj+2{u) : a]g. ■ 

4.3 Corollary. $ maps the Hamiltonian flow of Hj = Fj o $ with respect to f 
(equation (4.9)) to the Hamiltonian flow of Fj +2 with respect to w (the (j + 2)-th 
flow (4.3)). 

PROOF. Let j(x,t) be a solution of (4.9), and u(-,t) = $(7(-,t)). Write 
j(x,t) = g(x,t)ag(x,t)~ 1 such that g(— 00, t) = /, g~ x g x = u. Then 

ut = d*(7t) 

= d$(^[Qj+2(w), a]g _1 ), by Proposition 3.7, 
= -P u ad(a)" 1 ([Q i+2 (u),a]) 
= -P u (^ (Q i+2 («)), by (4.6), 

= [Qj+3 («),«]• ■ 

Next we show that when the adjoint orbit is the Grassman manifold both Hj 
and its Hamiltonian flows are geometric, i.e., they only depend on the intrinsic 
geometry of Gr(k,n). To show this, it suffices to show that Qj($(7)) can be 
expressed in terms of covariant derivatives and the complex structure. 

4.4 Proposition. If a = \ ( ^ ® j, then Qj($(y)) is a polynomial in 

{V* B 7x^ 7 (V?.7x)|0<fc<i-l}. 

PROOF. Since Qj(u) is a polynomial differential operator of order j — 1, 
there is a polynomial map fj such that 

where = d k u/dx k . But tv^Bg -1 ) = tr(5), and 

^/j(w, 4«, • • • , d?~ x u)g~ x = fjigug' 1 , gd\ug~ x , • • • , gd?~ x ug~ x ). 
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We claim that 

gdlug-^ J 7 V* B ( 7 x). (4.10) 

To prove this, we use again the fact that u(n) = u(n) a + u{n)^ = JC + V is a 
Cartan decomposition and 

TM gag -i = gVg-\ v{M) gag -, = gJCg' 1 . 

Suppose u = $(7), g~ x g x = u and g(—oo) = /. Then 7 = gag -1 and 7^ = 
g[w,a]g _1 . The complex structure on M at 7 is J 7 = ad(7). Since = —I, 
g^g~^ = J-rilx)- But {gug-^x = g{u x + [u,u])# _1 = gu^ -1 G TM 7 implies 
that gu x g~ x = V 7a .J 7 (7a;). Since M is Kahler, VJ = JV. So gu x g~ x = 
J-y(V-y x '~fx)- Then the claim follows from [P,V] C IC and induction. ■ 

If a = f fc , then the first few Q/s can be computed directly 

\ U J-n — k J 

from the recursive formula (4.2): 

Qi(«) = «=f °* «), Q2=(~ iq f ig ?), 

\-q* OJ' \ iq* iq*qj' 

n = (-qq* x + qxq* ~(qxx + 2qq*q)\ 

V3 \q*xx + Wqq* q* x q-q*q x J' 

Note that the second flow is the MNLS flow. The functional Hj = Fj o $ is given 
by the following formulae: 

1 f°° 

H o{l) = « / II 7* H 2dx ' 
^ ^-00 



1 r 00 

^1(7) = ~ / < </ 7 V 7*7^7* > ete, 

f°° 1 1 
H 2 {l)=J - ||7x|| 2 -|||V 7;c 7.|| 



da:. 



The corresponding Hamiltonian flows on C a (R, Gr(k, n)) with respect to f are 

7t = J 7 (V 7;c 7 x ), 

7t = (V?.7x + 27j), 

7t = J 7 (V^ 7 * - 67,)) . 

Note that even powers of 7^ are not tensorial, but the odd powers of 7^ are 
for Hermitian symmetric spaces. Clearly the above flows contain only certain 
expressions in these odd tensor products and their covariant derivatives. 
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5. Symplectic structures for GNLS and MNLS 



A two form u on M is called a weakly non- degenerate if the map Y : TM — » 
T*M denned by Y(v\){v2) = w{v\,V2) is injective, and w is a tyeafc symplectic 
form if tt; is closed and weakly non-degenerate (cf. [CM]). A smooth function / 
on M defines a Hamiltonian vector field Xf if df x lies in the image of Y x for all 
x EM. Then 

X f (x) = (Y x )-\df x ). 
The Poisson bracket for two such functions j\ , ji is given by 

{h,h}(x)=u(X fl ,X f2 )=dh(X f2 ). 

Note that when M is of finite dimension, a weak symplectic form is symplectic, 
but when M is of infinite dimension, this is not necessarily the case. 

Given a manifold (M,g), assume that we can find an embedding / from 
M to a co-adjoint orbit N in the dual Q* of a Lie algebra Q such that f*(6) 
is weakly non-degenerate, where 6 is the Kostant-Kirillov symplectic form on 
N. Since /*(#) is always closed, /*(#) is a weak symplectic form on M. Weak 
symplectic structures of soliton equations are often constructed this way. The 
procedures can be described as follows: 

(1) Identify the algebraic structure (i.e., the reality condition) of the Lax pair 
of the soliton equation, i.e., find a suitable real loop subalgebra of the affine 
Kac-Moody algebra defined by the reality condition. 

(2) Find natural embeddings of the phase space into coadjoint orbits of the 
above double loop algebra. 

(3) Prove the restrictions of orbit symplectic forms are weakly non-degenerate. 

The main goal of this section is to construct a hierarchy of symplectic struc- 
tures for the GNLS equation and show that the pull back of the order k sym- 
plectic form for the MNLS equation is the order k — 2 symplectic structure in 
the hierarchy. 

We first give a short review of the general construction (cf. [Te], [TU1]). Let 
Q be a Lie algebra equipped with a non-degenerate bilinear form ( , ) . A triple 
(G, G+, Q-) is a Manin-triple with respect to ( , ) if Q+, Q- are Lie subalgebras of 
Q such that Q = as vector spaces, Q\ = Q+, and Q^z = G-- Let C S (R, Q) 

denote the Lie algebra of smooth maps A from R to Q such that A(x)(X) decays 
as x — > oo for each A. Then (, ) induces an ad-invariant form on C S (R,Q): 

/oo 
(A(x),B(x))dx. 
-oo 

Let 

c(R,g) = c s (R, g) + gc 

denote the Lie algebra extension of C(i?, Q) defined by 

[A,B] =\A,B]+p{A,B)c. 
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Here c is the generator of the center of the extension and p defined by 

/oo 
(A x (x),B(x))dx 
-oo 

is a cocycle on C S (R,Q). In order for the expression to be skew adjoint, we 
must have decay at infinity. This requirement will require later that we impose 
constraints to insure that the higher order symplectic forms are well-defined. 

Let C(R,G) denote the smooth maps from R to Q such that A(x)(X) is 
bounded in x for each A. Then the set d x + C(R, Q) can be identified as a subset 
of the dual C{R,G)* via 

4(c) = 1, d x {B) =0, 

/oo 
(A(x),B(x))dx, A(c)=0, 
-oo 

where A G C(R, Q) and B G C S (R, Q). The coadjoint action * of g G C S (R, G) 
at d x + A is given by the gauge transformation: 

g * (d x + A) = g(d x + A)g~ 1 = d x + gAg' 1 - g x g~ x . 

For more detail see [Ka] and [PS]. The set d x + C(R,Q) is invariant under the 
coadjoint action. The phase space of a soliton equation often occurs as an coad- 
joint C(R, £/_)-orbit, which is equipped with the orbit symplectic form. The 
second symplectic form for the soliton equation is often obtained by finding a 
new embedding of the phase space in another coadjoint orbit via an ad-invariant 
bilinear form (, )a on Q defined by some "Casimir" operator A. Here a "Casimir" 
operator on Q is a linear isomorphism A of Q that satisfies the condition: 

A([x,y]) = [A(x),y] = [x,A(y)} 

for all x, y G Q. Usually A is multiplication by an element in the center of the 
enveloping algebra. Then the bilinear form (, )a defined by A, 

(x,v)a = (A(x),y), 

is non-degenerate and ad-invariant. 

We apply the abstract construction above to the u(n)-hierarchy. Let Q be 
the Lie algebra of holomorphic maps A from oo > | A | > ^ to GL(n, C) that 
satisfies the u(n)-reality condition 

A{\y + A(\) =0. 

Let Q + denote the subalgebra of A G Q such that A can be extended holomor- 
phically to C, and Q- the subalgebra of A G Q such that A can be extended 
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holomorphically to a neighborhood of oo in S 2 = C U {00} and A{oo) = 0. Note 
that 

Let <, > denote the ad-invariant bi-linear form 



A{\) 



<A,B>= j) tr(A(\)B(\))d\ 



on Q. Or equivalently, if A{\) = J2j AjX^ and B = J2 k Bk\ k , then 

< A 1 B>=J2tr(A j B. j . 1 ). 
3 

Then (G, G + , QJ) is a Manin triple with respect to <, >. Let a be a fixed diagonal 
matrix in u{n). A direct computation shows that the coadjoint C(R, t/_)-orbit 
So at d x + aX is 

S = {d x + a\ + u\u <E S(R, u(n)f )}, 

and the orbit symplectic form wq is the zero order symplectic form w defined by 
(4.1). The formula is 

/oo 
< -ad(a)~ 1 (A(x)),B(x) > dx. 
-00 

For an integer k, let : Q — > denote the operator defined by 

A k (A)(\) = \- k A(\). 
Then A^ is a Casimir operator, and 

< A,B > Ak =< A fc (A), B >= ^tr(AiS_ i+fc _i). (5.1) 

i 

For < 0, the space d x + A(x) such that 

A(x)(\) = J2Zj(x)V 
j>k 

is identified as a subspace of the dual of C(R, QS) via <<, >>A fe and is invariant 
under the coadjoint action. The infinitesimal vector field generated by 

C_ = C-i^A" 1 + • • • + Z-jix)\- j + ■■■ eC s (R, g_) 
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IS 

£-(A) = ir ki00 ([£-,d x + A]). 
Here 7Tfc )00 is the projection 

j j>k 

Let 

Sk = the coadjoint C(R, G-) — orbit at d x + a A. 
The orbit symplectic form 6 k on the coadjoint orbit S k is 

/oo 
tT^ k - 1 (x)5 2 u(x))dx, (5.2) 
-oo 

where 8\U = £-{A) and S 2 u = rj_(A). 

We claim that S k fl <So is a finite codimension submanifold of So. If 5u is 
tangent to S k H <So at + aA + u, then there exists 

£_ = C-i^A" 1 + ?-2(a:)A- 2 + • • • e £_ 

such that 

Su = £-(d x + a\ + u) = 7r fc ,oo([?-, d x + a\ + u]) 

= [C-i, a] + A" 1 ([£-2, a] + d x + u]) + • • • + A fc ([£ fc _i, a] + [6, ^ + u]) . 
Compare coefficients of A J in the above equation to get 
[f-i>o] = <5 W > 

+ = K*-i,o], iffe<i<-l, (5.3) 
&(a;) e <S(i?, u(n)), for all fc < % < -1. 

Given <5u £ <S(i?, w(n)^), we have 

^(e-i) = -ad(a)-Vu) 

and 



ir a (€-i(x)) = - 7r a ([u,7rf (f-i)]dy. 

V — oo 



So £_i is in the Schwartz class if [u, ad(a) 1 (<5u)](ia: = 0. Continuing induc- 
tively, we get a formula for the u(n)^ part 

niiti-i) = -ad(a)" 1 ((e0x + [u,fc]). (5-4) 
19 



For the u(n) a part, the integral formula 

TTa(Ci) = - / K a ([u,TTa(&)]dy 
J — oo 

leaves with constraints 

poo 

Ka([u,n^(&)]dx = 0, 



which are necessary for 7r (£j) in Schwartz class for k < i < — 1. Hence <So fl <Sfc 
is of finite codimension in S$. 

Use the Poisson operator P u defined in 3.4 to write (5.4) as 

*a (fc-i) = (" ad(a)- 1 P tl )( 7 rf (Ci)). (5.5) 

By induction, 

yrf (C fc -i) = (- ad(a)" 1 P u )- fc (- ad(a)" 1 (5u)). (5.6) 

Let Wk denote the restriction of the orbit symplectic form 9k to Sq fl Sk- Substi- 
tuting (5.6) to (5.2), we get for k < 

/oo 
(_l)-fc+i tr (((ad(a)" 1 P tt )- fc ad(a)- 1 (<5 1 u)) 5 2 u) da;, 
-oo 

Since ad(a) -1 is an isomorphism and P u is injective (Proposition 3.5), Wk is a 
weak symplectic form on So fl <Sfc. 

For fc = 1, the space of d x + A(x) such that A(x)(X) is of the form 
J2j<o A-j{x)^ can be identified as a subset of C^P, via <, >a x - The coad- 
joint orbit Si at d x is a submanifold of d x + S(R, u(n)) : and 8u is tangent to <Si 
at d x + u if and only if there exists £ G <S(P, u(n)) such that 

Su = [d x + 

For example, t> is tangent to 5*1 at d^ if and only if i> = £ x for some £ in the 
Schwartz class. So v must satisfies the condition f_ v(x)dx = 0. Let W\ denote 
the restriction of the orbit symplectic form of Si to <Sofl<Si. A direct computation 
shows that 

/oo 
tr(P~ 1 (5iu)S 2 u)dx. 
-oo 

For k > 1, the space of d x + A(x) such that A(x)(X) is of the form 
J2j<k-i Ajix)^ can be identified as a subset of C(R,G + ), and it is invari- 
ant under the coadjoint action. Let Sk denote the coadjoint C(R, t/ + )-orbit at 
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d x + aA, and 9k its orbit symplectic form. Note that Su is tangent to Sk H Sq if 
there exist £o? ■ ' " > such that 

[ds + «,fo] = 

[da, + it,&] = ifO<i<fc-l, 
linx^ioo £i(x) = 0, if < i < - 1. 

The ordinary differential equations can always be solved. Finite constraints ap- 
pear from requiring £i(oo) = 0. Let Wk denote the restriction of 6k to So C\ Sk- 
The formula for Wk can be computed similarly as in the case k < 0. To summa- 
rize, we have 

5.1 Theorem. 

(i) Sk H So is a finite dimensional submanifold of So. 

(ii) Wk is an order k weak symplectic form on Sk H <So, and 

/oo 
(-l)- fc+1 tr(((ad(a)- 1 P u )" fc ad(a)- 1 (5 1 u))5 2 u) ( ia:. 
-oo 



To construct symplectic structures for the GNLS flow, we proceed in the 
same way as for the MNLS flow, except that we use a different Manin triple. Let 
Q be as above, and 

(A,B) = J2^( A i B -i+i)- 

i 

Let Q>q denote the subalgebra of A E Q that can be holomorphically extended to 
C and A(0) = 0, and £/<o the subalgebra of A £ Q that can be holomorphically 
extended to a neighborhood of oo in S* 2 = C U {oo}. Then: 

(i) (G, G>o-, G<o) is a Manin triple with respect to ( , ). 

(ii) (A,B) Ak =X) i tr(A i S fc+1 _ i ). 

The space C(R,G>o) can be identified as a subspace of C(R, G<q)* via 
((, )) and is invariant under the coadjoint action. Let Aio denote the coadjoint 
C(R, £?<o)-orbit at aA. Then Ai is the set of d x + 7A, where 'j(x) lies in the 
adjoint orbit of a in U(n), and the orbit symplectic form tq is f, i.e., 

/oo 
tr(- ad(7) _1 (5i7), 5 2 l)dx. 
-00 

For k < 0, the space of d x + A(x) so that 

A(x)(X) = A iWV 
j>k+i 
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can be identified as a subset of C(R, G<o)* via the bilinear form ( , and is 
invariant under the coadjoint action. Let Aik denote the coadjoint C(R,Q<o)- 
orbit at d x + aA, 9k the orbit symplectic form, and 77 the restriction of 9k to 
Mo n Mk- 

For k > 0, the space of d x + A{x) so that 

j<k 

can be identified as a subset of C(R, G>o)* via the bilinear form ( , )\ k and is 
invariant under the coadjoint action. Let Aik denote the coadjoint C(R, G>o)- 
orbit at d x + aA, 9k the orbit symplectic form, and Tk the restriction of 9k to 
M.q fl Aik- We go into less detail here, as the construction and proof are small 
modifications of the MNLS case. 

5.2 Theorem, (i) Ai Q r\M. k isafinitecodimensionsubmanifoldofC a (R,M a ), 
(ii) Tk is an order k weak symplectic form on Aio fl Aik and 

/oo 
(-l)" fc+1 tr(((ad( 7 )- 1 X 7 )- fc ad(7)- 1 (o l7 ))527)^, 
-oo 

(5-7) 

where L 7 is the operator defined in Definition 3.8. 

PROOF. We will give the computation for k < 0. The computation for 
k > is similar. Note that 07 lies in the tangent space of M.q fl Aik if and only 
if there exist £_ so that 

(<57)A = 7r fc+ i i00 ([£_,d x + 7A]), (5.8) 

where irk+i,oo(%2j Aj\ 3 ) = X^>fc+i Aj\ 3 . The calculation below is entirely 
algebraic. Write 

e- = eo + ?-iA- 1 + e_ 2 A- 2 + ---. 

Equation (5.8) gives 

f [Co, 7] = <$7, 

7] = 0, iffc + l<j<0, (5.9) 
[ lim^ioo & (z) = 0, if k + 1 < j < 0. 

Let £j denote the projection of the vector field £j along 7 to TM 7 . Proposition 
3.9 implies that if £/s satisfy (5.9) then 

#(<5 7 ) = (-ad(7)- 1 J L 7 )^(-ad(7)- 1 )(07). (5.10) 
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Given two tangent vectors 5ij, <5 2 7, there exist £, rj G C^-^o ) such that 

([77,4 + 7 A]). 

Write £ = ^j<o?iA J an< ^ ^ = ^jKoVj^ • Then the restriction of the orbit 
symplectic form on A4fc to M. k fl .Mo is 

Tfc(<Si7,<S 2 7) = ((& (<527)A))A fc 

(5.11) 



tr(£fc,5 2 7)dz- 
Substitute (5.10) into (5.11) to get formula (5.7). ■ 

5.3 Theorem. $* (lOfc) = Tfc_ 2 . 

PROOF. Write 7 = gag~ x such that g~ x g x = $(7) = « and g(—oo) = I. 
Then 

<5i7 = 0[0 _1 <Ji0,a]0 _1 . 

Set 

= [^ _1 <5^, o], I a = ad(a), F 7 = ad(7). 
Let ( ) denote the L 2 inner product. We compute $*(wk)- 

($*(u> fc )) 7 (<5i7, 5 2 l) = (wjfc) u (d* 7 (^i7), (i$ 7 (5 2 7)), by Proposition 3.7 

= ^(P^/- 1 ^)^/- 1 ^)), by Theorem 5.1 

= (-i)- fc+1 ((4- 1 ^)- fc 4- 1 ^4- 1 (^i),^4- 1 (^))o 

= (-l)- fc+1 <(/a 1 P«)- fc+1 /a 1 («l),i'«/a 1 M>o 
= {-l)- k + 1 {{Ia 1 Pu)- k+2 I-\v 1 ) : V 2 ) 

= (-l)- k+1 {g((I- 1 Pu)- k+2 I- 1 v 1 )g-\gv 2 g- l ) . 

Note that 

gla^g' 1 =g[a,v]g~ 1 = [gag' 1 , gvg' 1 ] = Yi^vg' 1 } = Y 1 {gvg~ 1 ). 
The operator L 7 is defined in 3.8 by L 1 (gvg~ 1 ) = <7-P u (t>)<7 _1 - So we have 

y- 1 ^^- 1 ) = ^(/- 1 p„(«))^- 1 . 

Hence 

$*K) 7 (5 l7 ,5 27 ) = (-ir k+1 ((Y- 1 L,)- k+2 Y- l (5 l j),6 2l ) , 
which is equal to ("77_ 2 ) 7 (<5i7, $27) • ■ 

5.4 Corollary. If j > 1, then the Hamiltonian equation for Hj = Fj o $ with 
respect to To = f satisfies the following Lenard-Magri relation 

lt = [V^-( 7 ),7] = L 7 (Vi^_!(7)), (5-12) 

where L 7 is defined in 3.8. In other words, the Hamiltonian equation for Hj with 
respect to tq is the Hamiltonian equation for -Hj-i with respect to T\. 
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PROOF. The Hamiltonian equation for Hj with respect to To is "ft = 
[Vi?j(7),7]. By Proposition 4.1, we have 

L 7 (V^_!( 7 )) = L 7 (^(Q J+1 (u))^- 1 ), 

= gP u {^{Q j+1 {u)))9-\ by (4.6), 

= g[Qj+2(u),a]g~ 1 = \gQj+2(u)g~ 1 ,'y] = [V-Hjfr), 7]. ■ 



6. Symplectic structures for KdV 

Since we have set up the machinery for constructing symplectic structures 
and applied it to two examples, we take this opportunity to show that two struc- 
tures for KdV can be obtained in the same fashion. 

The KdV equation, 

qt = -j(qxxx - 6qq x ), (6.1) 



has a Lax pair: 



— +a\ + u, — + a\ 3 + u\ 2 + Q 2 \ + Qi 
ox ot 



where 



a = 



Q2 = 



1 



u 







(! I 

Qs=( 



q xx -2q 



This Lax pair satisfies the following reality condition: 



A(X) = A(X), 

0(A)-!A(A)0(A) = 0(-A)" 1 A(-A)0(-A), where 0(A) 



1 A 
1 



(6.2) 



We call this the KdV reality condition (cf. [TU2]). 

Let g,g + ,g_,<,>,<,> Ak be as in section 5, and Q kdv (G^ dv resp.) the 
space of all A £ Q (Q± resp.) that satisfies the KdV-reality condition. Recall 
that if £ = ^A l and rj = Vj^ i then the bilinear form <, >A fe defined by 
(5.1) is 

< >A fe = ^tr(^77_ i+fc _i). 



Let eij G si (2) denote the matrix whose entries are zero except the ij-th 
entry equals to 1. 
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6.1 Lemma. Let f (A) = Ej wi t h & = ( -5 ) G S ^ 2 ' ^' Tlie " ^ 
satisfies the KdV-reality condition if and only if 



for all j . 



PROOF. £ satisfies the KdV-reality condition if and only if the coefficient 
of A^' +1 in 0(A)" 1 C-(A)0(A) is zero for all j, i.e., 

A 2 j + l — C 2 j = 0, 

B 2j+l + 2A 2j - C 2j -i = 0, (6.4) 
C 2 j+i = o. 

So we have 

C2J+1 = 0, A 2 j +1 = C 2 j, B 2 j +1 = —2A 2 j, (6.5) 
which proves the Lemma. ■ 

6.2 Proposition. The restriction of the bilinear form <, >A k to Q kdv is de- 
generate if k is even, and is non-degenerate if k is odd. 

PROOF. By Lemma 6.1, be 12 £ Q kdv . If k is even, then 

< 6ei2,£ >A fc = bC k -i 

for all £ e £ fccto , where £ = E* and & = ^ . But k - 1 is odd, so 

Cfc-i = 0. This shows that <, >A fc is degenerate. 

Next we prove that if k is odd then <, >A fc is non-degenerate on Q kdv . Let 
? = 7? = Ej VA J € £ fcdu , and 

Then 

< ^V>A k = ^tr(^77_ i+fc _i) = ^tr(£ 2 j??-2j+fc-i) +tr(£ 2j+1 ?7_2 J+fc -2). 

* 3 

Note — 2j + k — 2 is odd. By Lemma 6.1, we get 

< >A fe = J ^22A 2j A'_ 2j+k _ 1 + C 2j (B'_ 2j+k _ 1 + 2C'_ 2j+k _ 3 ) + B 2j C'_ 2j+k _ 1 . 
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It follows that if < £,r} >A k = for all r) G Q kdv then £ = 0. This proves <, > Afc 
is non-degenerate. ■ 

It follows from Lemma 6.1 that 

A Q = aX + e 21 

satisfies the KdV-reality condition. So it belongs to Q^_ dv . 

Let k < — 1 be an odd integer. Then the set of d x + A{x) such that 

j>k 

can be identified as a subset of C(R : Q^_ dv )* via <<, >>A fc , and it is invariant 
under the coadjoint C(R,Q k L dv ) -action. Set 

j Qk= the coadjoint C(R, ^^)-orbit at d x + aX + e 2 i, 
\ Cfc= the orbit symplectic form on fi^. 

The set of d x + A(x) G d x + C(R, Q hdv ) such that A(z)(A) = ^< Ai(i)A l 
can be identified as a subset of C(R, Q^ v )* via <<, >>a 1 , and is invariant under 
the coadjoint C{R, Q\ dv )-action. Set 

f (7i= the coadjoint C^i?, £^ d ")-orbit at d x + e 2 i, 
\ o"i= the orbit symplectic form on f2i. 

By Lemma 6.1, d x + a A + e 2 \ + u satisfies the KdV-reality condition if and 
only if 

r q\ 



u = qe 12 - , Q Q 



Now set 



{q G S(R, R) | (d x + A + qe 12 ) G f2 fc } if k < -1 is odd, 
G <S(i?, i?) | (d x + e 2 i + qe 12 ) G ft } if fc = 1. 



Let (3k denote the restriction of the orbit symplectic form on VL^ to Mk (here we 
identify A4 as a subspace of VLj- via g i— > d x + A + qe\ 2 if k < — 1 is odd and 
g i— » q + e 2 i + qe\ 2 iik= 1). Write 

/oo 
((^fc)q 1 (S 1 q))5 2 qdx. 
-oo 

6.3 Theorem. 

$ (J-i) q (v) = -2v x . 

(ii) (Ji) q (v) = \v xxx - 2qv x - q x v. 
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PROOF, (i) Sq lies in the tangent space of jV_i at q if and only if there 
exists f _ G C(R, Q k _ dv ) such that 

e 12 <5g = 7r_i )00 ([£_, d x + aA + e 2 i + gei 2 ]), 

where _ _ 

* l.x(^.l ; A') £ .1,A'. 

J 3>-l 

This implies that 

[£_i,a] = e l2 Sq, 

[d x + e 2 i + gei2,£-i] = [£-2, a], (6.6) 
lim^ ±00 £,,•(>) = 0, ifj = -l, -2. 

Let <5iu = (5ig)ei2, fow = (<52?)ei2 be two tangent vectors of jV-i at q. 
So there exist £ = X^x-iCjA- 7 an d ?7 = ^2j<-iVj^ satisfying equation (6.6). 
Write 

v °j yJ' 

By definition of the orbit symplectic form, we get 

tr(^_ 2 <5 2 gei 2 )(ia: = / C^faqdx. 
-00 J —00 

Next we solve <5ig in terms of C- 2 . The first equation in (6.6) implies that 

5 1 q=-2B- 1 . (6.7) 
The second equation in (6.6) gives 

(A_ 1 ) x -B_ 1 =0, 

(B_i) x - 2gA_ 1 = -2B_ 2 , (6.8) 
2A_! = 2C_ 2 . 

Substitute (6.7) into (6.8) to get 8\q = — 2(C_ 2 ) X . This proves J_i = — 2d x . 
(ii) If Sq is tangent to A/i at g, then there exist £ G C(i?, £+*") 

e(A) = e +eiA+6A 2 + --- 

such that 



Su = (Sq)e 12 = ir-oofid^dx + e 21 + gei 2 ]) = [6,4 + e 2 i + qe 12 \. (6.9) 
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Write Co = B ^j- Then 

/CO r-OO 
< Co, <5 2 gei2 > dx = CS 2 qdx. 
-oo J — oo 

We need to compute 8q in terms C. To do this, we equate the entries of equation 
(6.9) to get 

A x + qC - B = 0, 
C X + 2A = 0, 
2qA - B x = Sq. 

The second equation gives A = —C x /2. Substitute this to the first equation to 
solve B in terms of C. Then the last equation solves 

&q = —Cxxx ~ qxC — 2qC x , 
which gives the formula for J\. ■ 
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